Appell-Sheffer and Symmetric Polynomials

Tom Copeland, May 7, 2023, Los Angeles

The generating function for a generic Appell polynomial sequence A, () expressed first as an
e.g.f. and then as an o.g.f. with moments ax = kldx is
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= A(t) = 1 + ayt + ast® + ast® + -.
The differential part of the raising op R for an Appell Sheffer polynomial sequence, defined by
R An(l’) = An+1($),

is given via the logarithmic derivative of the Appell generating function
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= D;In(A(t)) = a, + (2ay — a3)t + (@} — 3asa, + 3as)t*

+(—aj + 4asa; — 4aza, — 2as3/2 + 4aq)t?

+(a@i — bagal + baza; + ba,ay — aydy — Hagdz + Has )t + - -

with the first set of ParPs being the logarithmic ParPs Ln(ay, ..., an)_ of A263634, or cumulant

expansion polynomials of 127671, and the second, the negative of the Faber polynomials
Fo(a, ..., an) of A263916.
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With the sign convention of the Wikipedia article on the Newton identities, the Faber
polynomials give the formal power sums P in terms of the elementary symmetric polynomials /
functions as, e.g.,

p1=ay = —Fi(a1) = Li(a1),

—p2 = 2a3 — C_Lf = —Fy(ay,az2) = La(aq, Cl2),

ps = @i — 3asay + 3as = —Fs(ay, az, as) = Ls(a1, az, as) /2!

—ps = —G 4480, — 4830, —2a3 /244, = —Fy(ay, Gs, a3, a4) = La(ar, a2, a3, a4) /3!
and, in general,

o= (—=1)"F,(ay,...,a,) = (—1)""' L, (ay, ..., a,) /n!.

Then the Appell raising op can be expressed as the diff op
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R==2x + Ll(al) + LQ((Il, CI,Q)D:ch + L3(a17 a2’a3)2_'x + ..

=z — Fi(a1) — Fy(a1, @)D, — Fs(ay, Gz, a3) D2 + - - -
=2 +p1 — paDa +psDi —paD3 + - -
Action on the Appell polynomials gives

R (a. + )" = (a. + )"

This identity, when evaluated at = = 0, becomes, with 0x = (—1)*E!pr11,

Z(_l)kpk-i-lDl;:O(a' + )" = anta
k=0

= (a.+b)" = f (Z) bk

k=0

== Z n!ak (_ 1)n_kpn—k+17
k=0


https://en.wikipedia.org/wiki/Newton%27s_identities
https://www.codecogs.com/eqnedit.php?latex=p_n#0
https://www.codecogs.com/eqnedit.php?latex=p_1%20%3D%20%20%5Cbar%7Ba%7D_1%20%3D%20-F_1(%5Cbar%7Ba%7D_1)%20%3D%20L_1(a_1)%20#0
https://www.codecogs.com/eqnedit.php?latex=-p_2%20%3D%202%5Cbar%7Ba%7D_2%20-%20%5Cbar%7Ba%7D_1%5E2%20%3D%20-F_2(%5Cbar%7Ba%7D_1%2C%5Cbar%7Ba%7D_2)%20%3D%20L_2(a_1%2Ca_2)#0
https://www.codecogs.com/eqnedit.php?latex=p_3%20%3D%20%20%5Cbar%7Ba%7D_1%5E3%20-%203%20%5Cbar%7Ba%7D_2%20%5Cbar%7Ba%7D_1%20%2B%203%5Cbar%7Ba%7D_3%20%3D%20-F_3(%5Cbar%7Ba%7D_1%2C%5Cbar%7Ba%7D_2%2C%5Cbar%7Ba%7D_3)%20%3D%20L_3(a_1%2Ca_2%2Ca_3)%2F2!#0
https://www.codecogs.com/eqnedit.php?latex=-p_4%20%3D%20%20-%5Cbar%7Ba%7D_1%5E4%20%2B%204%5Cbar%7Ba%7D_2%20%5Cbar%7Ba%7D_1%5E2%20-%204%5Cbar%7Ba%7D_3%20%5Cbar%7Ba%7D_1%20-%202%20%5Cbar%7Ba%7D_2%5E2%2F2%20%2B%204%5Cbar%7Ba%7D_4%20%3D%20-F_4(%5Cbar%7Ba%7D_1%2C%5Cbar%7Ba%7D_2%2C%5Cbar%7Ba%7D_3%2C%5Cbar%7Ba%7D_4)%20%3DL_4(a_1%2Ca_2%2Ca_3%2Ca_4)%2F3!%20#0
https://www.codecogs.com/eqnedit.php?latex=p_n%20%3D%20(-1)%5E%7Bn%7DF_n(%5Cbar%7Ba%7D_1%2C...%2C%5Cbar%7Ba%7D_n)%20%3D(-1)%5E%7Bn%2B1%7D%20L_n(a_1%2C...%2Ca_n)%2Fn!%20.#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BR%7D%20%3D%20x%20%2B%20%20L_1(a_1)%20%2B%20L_2(a_1%2Ca_2)%20D_x%20%2B%20L_3(a_1%2Ca_2%2Ca_3)%20%5Cfrac%7BD_x%5E2%7D%7B2!%7D%20%2B%20%5Ccdots#0
https://www.codecogs.com/eqnedit.php?latex=%3D%20%20x%20-%20F_1(%5Cbar%7Ba%7D_1)%20-%20F_2(%5Cbar%7Ba%7D_1%2C%5Cbar%7Ba%7D_2)%20D_x%20-F_3(%5Cbar%7Ba%7D_1%2C%5Cbar%7Ba%7D_2%2C%5Cbar%7Ba%7D_3)D_x%5E2%20%2B%5Ccdots%20#0
https://www.codecogs.com/eqnedit.php?latex=%3D%20x%20%2B%20p_1%20-%20p_2%20D_x%20%2B%20p_3%20D_x%5E2%20-%20p_4%20D_x%5E3%20%2B%20%5Ccdots%20#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BR%7D%20%5C%3B%20(a.%20%2B%20x)%5En%20%3D%20(a.%20%2Bx)%5E%7Bn%2B1%7D.#0
https://www.codecogs.com/eqnedit.php?latex=x%3D0#0
https://www.codecogs.com/eqnedit.php?latex=b_k%20%3D%20(-1)%5Ek%20k!%20p_%7Bk%2B1%7D#0
https://www.codecogs.com/eqnedit.php?latex=%20%5Csum_%7Bk%3D0%7D%5E%5Cinfty%20(-1)%5Ek%20p_%7Bk%2B1%7D%20D_%7Bx%3D0%7D%5E%7Bk%7D%20(a.%20%2B%20x)%5En%20%3D%20a_%7Bn%2B1%7D#0
https://www.codecogs.com/eqnedit.php?latex=%20%3D%20(a.%20%2B%20b.)%5En%20%3D%20%5Csum_%7Bk%3D0%7D%5En%20%5Cbinom%7Bn%7D%7Bk%7D%20a_k%20b_%7Bn-k%7D#0
https://www.codecogs.com/eqnedit.php?latex=%20%3D%20%5Csum_%7Bk%3D0%7D%5En%20n!%20%5Cbar%7Ba%7D_k%20(-1)%5E%7Bn-k%7D%20p_%7Bn-k%2B1%7D%2C#0

SO

(n+1)ay41 = Ak Pp—k+1-
k=0

For example,

2

3az = Z(—l)kdkm—kﬂ = p3 — P2a; + p1ao,
=0

in agreement with the Wikipedia article.

The umbral inverse Appell sequence Ay () then plays the role of the e.g.f. counterpart to the
complete homogeneous symmetric polynomials.

In previous posts and in several OEIS entries, e.g., A133314, I've illustrated the matrix
formulation for the Appell calculus. The differential raising operation can be expressed in the
matrix form in the power basis z" (see, e.g., A094587, A099174, A039683, A130757, A111593,
A176230, A111062, and A159834) as

[RJ[A]
L1 Lo Ly Ly 5 (1 Lia1 + I (o
1 Ly 212 3L3 4L 1 a1 + L 2
=10 1 Ly 3L 6Ly 01 = 1 = 1
0 0 1 Ly 4Ls 0 0 0
0 0 0 1 Ly 0 0 0
Spot check:

R Al =R (ZC + al) = (ZC + L1<a1) + Lg(al, CLQ)DQC)(CE + al)

=(x+L)(x+a)+ Ly = (Lo + Liay) + (L1 + ay)x + 2°

= ((ag—a?)+ara;) + (a1 +a))v+2° = as+2a17+2° = (a.+x)* = Ay(x).

Next,


https://www.codecogs.com/eqnedit.php?latex=(n%2B1)%20%5Cbar%7Ba%7D_%7Bn%2B1%7D%20%3D%20%5Csum_%7Bk%3D0%7D%5En%20%20%5Cbar%7Ba%7D_k%20p_%7Bn-k%2B1%7D.#0
https://www.codecogs.com/eqnedit.php?latex=3%20%5Cbar%7Ba%7D_3%20%3D%20%5Csum_%7Bk%3D0%7D%5E2%20(-1)%5Ek%20%5Cbar%7Ba%7D_k%20p_%7B2-k%2B1%7D%20%3D%20p_3%20-%20p_2%5Cbar%7Ba%7D_1%20%2B%20p_1%5Cbar%7Ba%7D_2%20%2C#0
https://www.codecogs.com/eqnedit.php?latex=%5Chat%7B%5Cmathbb%7BA%7D%7D_n(x)#0
https://www.codecogs.com/eqnedit.php?latex=x%5En#0
https://www.codecogs.com/eqnedit.php?latex=%5B%5Cmathbb%7BR%7D%5D%5B%5Cmathbb%7BA%7D_1%5D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BR%7D%20%5C%3B%20%5Cmathbb%7BA%7D_1%20%3D%20%5Cmathbb%7BR%7D%20%5C%3B%20(x%2Ba_1)%20%3D%20(x%20%2B%20%20L_1(a_1)%20%2B%20L_2(a_1%2Ca_2)%20D_x)(x%2Ba_1)#0
https://www.codecogs.com/eqnedit.php?latex=%20%3D%20(x%2BL_1)(x%2Ba_1)%20%2B%20L_2%3D%20(L_2%2BL_1a_1)%20%2B%20(L_1%2Ba_1)x%20%2Bx%5E2#0
https://www.codecogs.com/eqnedit.php?latex=%20%3D%20((a_2%20-%20a_1%5E2)%20%2B%20a_1a_1)%20%2B%20(a_1%2Ba_1)x%20%2Bx%5E2%20%3D%20a_2%20%2B%202a_1%20x%20%2B%20x%5E2%20%3D%20(a.%2Bx)%5E2%20%3D%20%5Cmathbb%7BA%7D_2(x).#0

Ly L= Ly Ly Ls az Lias +2Lsa1 + Ly
1 Ly 2L. 3Ly 414 2a as + 2L1a1 + 21 3z
= 0 1 Ly 3Ls 6L4 1 = 2a1 + Ly = | day
0 0 1 Ly 4Ls 0 1 '
0 0 0 1 Ly 0 ()
Check:

D2
R AQ =R (a2 + 2a11‘ + 1‘2) = ($ + Ll + LQDx + L32—;”)(a2 + 2&11' + $’2>

= (z + L1)(as + 2a12 + 2°) + Lo(2ay + 22) + L3

= (2a1Ly + asLy + Ls) + (2a1Ly + ay + 2Ls)x + (201 + Ly)x* + 2°.
2a1 Lo + asLy + Ly = 2a,(as — a3) + asay + (24} — 3a,as + as3) = as.
2a1 L1 + ay + 2Ly = 2a1a; + ay + 2(ay — a?) = 3as.

2a1 + L1 = 2a1 + a1 = 3a;.

So, the raising calculation gives the coefficients of Az(z),

Use Pn = (=1)"F(@, ..., @n) = (=1)""' Ln(ar, ..., an) /7! to replace Ln by (—1
replace an by nla, = nle, Then

m —p2 2pz  —Opg  24ps i = 2es iy = Geg
1 P —2p2 Opy —24p4 2a1 = 261 3ao = Ges
0 1 M —3ps 12py 1 = | 3a; = 3eq
() ( 1 ™ —4pa () 1
0 0 0 1 ™ 0 0

Appell sequences in terms of k!ax = ax have the coefficients of A094587:

)n—l—l

n!pn and
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“/n - n!
A, (x) = (/{:) apz”F = —(n — k)!akx"_k
k=0 k=0 .

(See also A008279, A036039, A001497, and A133932 for significance of A094587.)

n!
Let PM be the lower triangular permutation matrix of A094587 with components ]

and PM(1,e1,€2, €3, ...) be the same matrix but with the Jj-th diagonal multiplied by € with
eo = 1. Let APM be PM augmented with a single upper diagonal of ones.

Expressing the raising operator R for a generic Appell Sheffer polynomial sequence in terms of
the power sums gives the matrix identity

PM(1,€1,62,63, --~)APM<p17 —P2,P3, P4, ) = SPM(1,€1,€2,€37 )7

where the last matrix is a shifted variant of M (1,1, €2, €3, --'); ie., SPM is

PM(L €1, €2, €3, ) with the first column removed.

For example, the 5 by 5 truncated matrix version of this identity transposed to match the form of
the Appell raising operation acting on a generic sequence of Appell polynomials is

APMI - PM!I = SPM!

P o—p2 Zpy —Gpg 24ps 1 e1 2es Gey 24ey e1  2es bey 24ey 120es
1, —2p2 6pz  —24py 0 1 2ey Ges 24ey 1 2e1 Gex 24ez 1204
=10 1 ™ —3p2  12py 0 0 1 3 12e0|=10 1 3e; 12es 60ey
0 0 1 2l —4pa oo 0 1 4dey 0 0 1 dey  20es
0 0 0 1 1 o 0o 0 0 1 0 0 0 1 hey
or, with ar = kley,
P —p2 2ps —Ops Z24ps 1l o1 ar a3 ay a1 a2 a3 04 (s
1 pm —2p2 6p3  —24py 0 1 2o 3ax 4oy 1 2a1 3az day Doy
0 1 ™ —3pz 12p; 0o 0 1 3ay Baz =10 1 3aq Bas 10ag
0 0 1 P1 —dpy o 0 0 1 4ay 0 0 1 day 10as
0 0 0 1 ™ o 0 0 0 1 0o 0 0 1 D1y

Note that PM T expressed in the indeterminates @ is the transpose of the lower triangular
Pascal matrix A007318 with the diagonal multiplication by the ax's, so it is the transpose of the
lower triangular coefficient matrix for the Appell polynomials
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https://www.codecogs.com/eqnedit.php?latex=j#0
https://www.codecogs.com/eqnedit.php?latex=e_j#0
https://www.codecogs.com/eqnedit.php?latex=e_0%20%3D1#0
https://www.codecogs.com/eqnedit.php?latex=APM#0
https://www.codecogs.com/eqnedit.php?latex=PM#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BR%7D#0
https://www.codecogs.com/eqnedit.php?latex=PM(1%2Ce_1%2Ce_2%2Ce_3%2C...)%20APM(p_1%2C-p_2%2Cp_3%2C-p_4%2C...)%20%3D%20SPM(1%2Ce_1%2Ce_2%2Ce_3%2C...)%2C#0
https://www.codecogs.com/eqnedit.php?latex=PM(1%2Ce_1%2Ce_2%2Ce_3%2C...)#0
https://www.codecogs.com/eqnedit.php?latex=SPM#0
https://www.codecogs.com/eqnedit.php?latex=PM(1%2Ce_1%2Ce_2%2Ce_3%2C...)#0
https://www.codecogs.com/eqnedit.php?latex=APM_5%5ET%20%5Ccdot%20PM_5%5ET%20%20%3D%20SPM_5%5ET#0
https://www.codecogs.com/eqnedit.php?latex=a_k%20%3D%20k!e_k#0
https://www.codecogs.com/eqnedit.php?latex=PM%5ET#0
https://www.codecogs.com/eqnedit.php?latex=a_n#0
https://www.codecogs.com/eqnedit.php?latex=a_n#0

n - n
An(z) = (a. + )" = <kz> A"
k=0 . Note also the induced determinant relation

|APMs| = |SPMs|.

The matrix rep for the Appell raising op can be recast as the transpose of a Riordan production
matrix. Perhaps the abundant literature on Riordan matrix theory contains the matrix identity
and combinatorial proofs.

See the OEIS entry on Faber polynomials for more on their relationships to symmetric function
theory, They are core constructs in number theory, complex analysis, and combinatorics. Gould
in “The Girard-Waring power sum formulas for symmetric functions and Fibonnaci sequences”
for some history and multinomial coefficients for the expansions of the power sums in terms of
the elementary symmetric functions. See also "A Matrix Proof of Newton's Identities" by Dan
Kalman for other proofs of some Newton identities.

Added May 9, 2023:

In my notes "The Creation / Raising Operators for Appell Sequences" and "Lagrange a la Lah
Part |", | cast Appell polynomials in terms of three sets of compositional partition polynomials.
(Recursion relations are available in the first pdf.)

The first set of compositional partition polynomials is the set of cycle index partition polynomials
of the symmetric groups S, a.k.a. the refined Stirling partition polynomials of the first kind

ST1, (b1, .., bn) of A036039, an Appell sequence in the distinguished indeterminate b1 with the
raising operator

b

D, i

n>1

Ry =

and the lowering operator

0

LSTl = Db1 = 8—[)
1

The Appell polynomials above can be expressed as

A, (z) = (a.+2)" = ST1,(x + by, ba, b, ..., by)


https://www.codecogs.com/eqnedit.php?latex=A_n(x)%20%3D%20(a.%2Bx)%5En%20%3D%20%5Csum_%7Bk%3D0%7D%5E%7Bn%7D%20%5Cbinom%7Bn%7D%7Bk%7D%20a_%7Bn-k%7D%20x%5Ek#0
https://www.codecogs.com/eqnedit.php?latex=%7CAPM_5%7C%3D%7CSPM_5%7C#0
https://www.fq.math.ca/Scanned/37-2/gould.pdf
https://tcjpn.wordpress.com/2015/11/21/the-creation-raising-operators-for-appell-sequences/
https://tcjpn.wordpress.com/2011/04/11/lagrange-a-la-lah/
https://tcjpn.wordpress.com/2011/04/11/lagrange-a-la-lah/
https://www.codecogs.com/eqnedit.php?latex=S_n#0
https://www.codecogs.com/eqnedit.php?latex=ST1_n(b_1%2C...%2Cb_N)#0
https://oeis.org/A036039
https://www.codecogs.com/eqnedit.php?latex=b_1#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BR_%7BST1%7D%7D%20%3D%20%5Cfrac%7Bb.%7D%7B1%2Bb.D_%7Bb_1%7D%7D%20%3D%20%20b_1%20%2B%20%5Csum_%7Bn%20%5Cgeq%201%7Db_%7Bn%2B1%7D%20D%5En_%7Bb_1%7D#0
https://www.codecogs.com/eqnedit.php?latex=%20%5Cmathbb%7BL%7D_%7BST1%7D%20%3D%20D_%7Bb_1%7D%20%3D%20%5Cfrac%7B%5Cpartial%7D%7B%5Cpartial%20b_1%7D.#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BA%7D_n(x)%20%3D%20(a.%2Bx)%5En%20%3D%20ST1_n(x%2Bb_1%2Cb_2%2Cb_3%2C...%2Cb_n)#0

Since

0 0
—A =—5T1
8x n(l') Gbls n<x+ blab27b37 >bn>>

the raising op of An(z) is

Ry =2+b +an+1D2-

n>1
Comparing with

Ry = 2 4 p1 — p2Dy + psD2 — paD) + - - -

then

bn = (=1)"""py

and

A, (0) = a, = nle, = ST1,(b1, by, bs,....b,) = ST1,(p1, —pa, bz, ..., (—=1)" 'p,).
Spot check:

ST13(uy, us, us) = 2us + 3ujug + u?

and

az = 3les = ST13(p1, —p2,p3) = 2ps + 3p1(—p2) + P}

= 2(a} — 3asa, + 3asz) + 3a,(2a, — aj) + a;

= 3las.

The second is the set of compositional Faa di Bruno / Bell partition polynomials of A036040,

a.k.a. the refined Stirling partition polynomials of the second kind ST2p(c1, -, Cn), an Appell
sequence in the distinguished indeterminate ¢1 with the raising operator


https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B%5Cpartial%7D%7B%5Cpartial%20x%7D%5Cmathbb%7BA%7D_n(x)%20%3D%20%5Cfrac%7B%5Cpartial%7D%7B%5Cpartial%20b_1%7D%20ST1_n(x%2Bb_1%2Cb_2%2Cb_3%2C...%2Cb_n)%2C#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BA%7D_n(x)#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BR%7D_%7B%5Cmathbb%7BA%7D%7D%20%3D%20x%20%2B%20b_1%20%2B%20%5Csum_%7Bn%20%5Cgeq%201%7Db_%7Bn%2B1%7D%20D%5En_%7Bx%7D.#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BR%7D_%7B%5Cmathbb%7BA%7D%7D%20%3D%20x%20%2B%20p_1%20-%20p_2%20D_x%20%2B%20p_3%20D_x%5E2%20-%20p_4%20D_x%5E3%20%2B%20%5Ccdots%20#0
https://www.codecogs.com/eqnedit.php?latex=b_n%20%3D%20(-1)%5E%7Bn%2B1%7Dp_n#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BA%7D_n(0)%3D%20a_n%20%3D%20n!%20e_n%20%3D%20ST1_n(b_1%2Cb_2%2Cb_3%2C...%2Cb_n)%20%3D%20ST1_n(p_1%2C-p_2%2Cb_3%2C...%2C(-1)%5E%7Bn%2B1%7Dp_n).#0
https://www.codecogs.com/eqnedit.php?latex=ST1_3(u_1%2Cu_2%2Cu_3)%20%3D%202u_3%20%2B%203u_1u_2%20%2B%20u_1%5E3#0
https://www.codecogs.com/eqnedit.php?latex=a_3%20%3D%203!e_3%20%3D%20ST1_3(p_1%2C-p_2%2Cp_3)%20%3D%202p_3%20%2B%203p_1%20(-p_2)%20%2B%20p_1%5E3#0
https://www.codecogs.com/eqnedit.php?latex=%20%3D2(%5Cbar%7Ba%7D_1%5E3%20-%203%20%5Cbar%7Ba%7D_2%20%5Cbar%7Ba%7D_1%20%2B%203%5Cbar%7Ba%7D_3)%20%2B%203%20%5Cbar%7Ba%7D_1%20%20(%202%5Cbar%7Ba%7D_2%20-%20%5Cbar%7Ba%7D_1%5E2%20)%20%2B%20%5Cbar%7Ba%7D_1%5E3#0
https://www.codecogs.com/eqnedit.php?latex=%20%3D%203!%20%5Cbar%7Ba%7D_3#0
https://oeis.org/A036040
https://www.codecogs.com/eqnedit.php?latex=ST2_n(c_1%2C...%2Cc_n)#0
https://www.codecogs.com/eqnedit.php?latex=c_1#0

C
c.D. n+1l ~n
RS’H‘% = C.e L =c; + E IDC1

n!
n>1

and the lowering operator

0

Lsrs = Doy = 2.
ST2 861

The Appell polynomials above can be expressed as
An(x> = (CL. + x)n = ST2n(SIZ’ +c1,C2,C3, ..y Cn),

and the raising op of An(95>, as

Cn

RA::U+01+Z

n>1

+1 n
n! D;

through which we can identify

n = (=1)""(n — 1)lp,

and

A, (0) = a, = nle, = ST2,(p1, —p2,2'p3, =34, ..., (1) (n — 1)p,)
Spot check:

ST23(uy, us, us) = us + 3uiug + u>

and

az = 3les = ST25(2!p1, —3po, ..., (=1)" T (n41)!p,) = 2!p3+3(p1)(—p2) +
(Pl)d

= 2l(a} — 3aqza; + 3az) + 3(a1)(2az — a3) + (a1)*

- 3!@3.


https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BR_%7BST2%7D%7D%20%3D%20c.e%5E%7Bc.D_%7Bc_1%7D%7D%3D%20%20c_1%20%2B%20%5Csum_%7Bn%20%5Cgeq%201%7D%20%5Cfrac%7Bc_%7Bn%2B1%7D%7D%7Bn!%7D%20D%5En_%7Bc_1%7D#0
https://www.codecogs.com/eqnedit.php?latex=%20%5Cmathbb%7BL%7D_%7BST2%7D%20%3D%20D_%7Bc_1%7D%20%3D%20%5Cfrac%7B%5Cpartial%7D%7B%5Cpartial%20c_1%7D.#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BA%7D_n(x)%20%3D%20(a.%2Bx)%5En%20%3D%20ST2_n(x%2Bc_1%2Cc_2%2Cc_3%2C...%2Cc_n)#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BA%7D_n(x)#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BR%7D_%7B%5Cmathbb%7BA%7D%7D%20%3D%20%20x%20%2B%20c_1%20%2B%20%5Csum_%7Bn%20%5Cgeq%201%7D%20%5Cfrac%7Bc_%7Bn%2B1%7D%7D%7Bn!%7D%20D%5En_%7Bx%7D#0
https://www.codecogs.com/eqnedit.php?latex=c_n%20%3D%20(-1)%5E%7Bn%2B1%7D(n-1)!p_n#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BA%7D_n(0)%3D%20a_n%20%3D%20n!%20e_n%20%3D%20ST2_n(p_1%2C-p_2%2C2!p_3%2C-3!p_4%2C...%2C(-1)%5E%7Bn%2B1%7D(n-1)!p_n)%20#0
https://www.codecogs.com/eqnedit.php?latex=ST2_3(u_1%2Cu_2%2Cu_3)%20%3D%20u_3%20%2B%203u_1u_2%20%2B%20u_1%5E3#0
https://www.codecogs.com/eqnedit.php?latex=a_3%20%3D%203!e_3%20%3D%20%20ST2_3(2!p_1%2C-3!p_2%2C...%2C(-1)%5E%7Bn%2B1%7D(n%2B1)!p_n)%3D%202!p_3%20%2B%203(p_1)(-p_2)%20%2B%20(p_1)%5E3#0
https://www.codecogs.com/eqnedit.php?latex=%20%3D%202!(%5Cbar%7Ba%7D_1%5E3%20-%203%20%5Cbar%7Ba%7D_2%20%5Cbar%7Ba%7D_1%20%2B%203%5Cbar%7Ba%7D_3)%20%2B%203(%5Cbar%7Ba%7D_1)(%202%5Cbar%7Ba%7D_2%20-%20%5Cbar%7Ba%7D_1%5E2%20)%20%2B%20(%5Cbar%7Ba%7D_1)%5E3%20#0
https://www.codecogs.com/eqnedit.php?latex=%20%3D3!%20%5Cbar%7Ba%7D_3.%20%20#0

The third is the set of the refined Lah partition polynomials Lahy(dy, ..., dn) of A130561, an
Appell sequence in the distinguished indeterminate d:1 with the raising operator

d

Rir — &
T (1= d.Dy, )?

=di+ ) (n+1)dy1 D,

n>1

and the lowering operator

0
Lian = Dg, = o
1

The Appell polynomials above can be expressed as

A, () = (a. +x)" = Lah,(z + dy,ds, ds, ..., d,)

and the raising op of An(7), as

Ry =z +di+ » (n+1)d, 1D}

n>1

through which we can identify

DPn
dn - (_1)n+1;
A,(0) = a, = nle, = Lah,(p1, —b2/2,b3/3, ..., (—1)""'p,/n)
Spot check:
Lahs = 6us + 6ujus + u?
and
az = 3les = Lahs(py, —p2/2,b3/3) = 6(ps/3) + 6(p1)(—p2/2) + (p1)°
= 6((a® — 3asa; + 3as)/3) + 6(ay)((2ax — at)/2) + (a,)?


https://www.codecogs.com/eqnedit.php?latex=Lah_n(d_1%2C...%2Cd_n)#0
https://oeis.org/A130561
https://www.codecogs.com/eqnedit.php?latex=d_1#0
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https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BA%7D_n(x)#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BR%7D_%7B%5Cmathbb%7BA%7D%7D%20%3D%20x%2B%20d_1%20%2B%20%5Csum_%7Bn%20%5Cgeq%201%7D%20(n%2B1)d_%7Bn%2B1%7D%20D%5En_%7Bx%7D#0
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https://www.codecogs.com/eqnedit.php?latex=%5Cmathbb%7BA%7D_n(0)%3D%20a_n%20%3D%20n!%20e_n%20%3D%20Lah_n(p_1%2C-b_2%2F2%2Cb_3%2F3%2C...%2C(-1)%5E%7Bn%2B1%7Dp_n%2Fn)#0
https://www.codecogs.com/eqnedit.php?latex=Lah_3%20%3D%206u_3%20%2B%206u_1u_2%20%2B%20u_1%5E3#0
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https://www.codecogs.com/eqnedit.php?latex=%20%3D%203!%5Cbar%7Ba%7D_3#0




