Composition, Conjugation, and the Umbral Calculus:
Conjugates of the Bernoulli and hyperbinomial polynomials

Tom Copeland, Los Angeles, Nov. 20, 2021

This set of notes consists of a review of the application of umbral conjugation to obtain relations
among four core Sheffer polynomial sequences (SPSs)--the two binomial Stirling polynomials of

the first and second kinds, St1n() and St2n ()  respectively, which are an inverse pair

under umbral composition, and a pair of Appell SPSs, the Bernoulli polynomials Bern(z) ang

their conjugate sequence Berp(z)

An additional pair of conjugate Appell sequences--the hyperbolic polynomials and the Pascal
polynomials- associated with the Lambert W-function and its inverse te* about the origin are
also introduced.

To avoid an alphabetic morass, throughout these notes | use the convenient umbral notation

and maneuver (U.)" = Un o simplify arguments and clarify formulas. For more on umbral
notation, see the post Umbral Mojo. | also use the same letter, lower and uppercase, to denote

related quantities; e.g., (A.(2))" = An() refers to an Appell polynomial or the Appell

_ sa.t __ t"
polynomial sequence; At) = et = ano n ol , the exponential generating function (e.g.f)

of the moments, (a.)" = a, = A,(0) , of the Appell sequence; and [A] , the lower triangular
infinite matrix of the coefficients of the Appell polynomials, columns progressing from lower

order of =" to higher, with elements An.k  The notation makes it easy to keep track of the five
different but related constructs.

Any family of Sheffer polynomials (SPs)
(5.0 = Su(s) = 3 S ot
k=0
has the e.g.f.
A(t)eB(t)m — 65’.(;0)757
formed from functions A(t) and B(%) analytic about the origin with A(0) =1 B(0) =0, znq

Dy—o B(t) = dB(t)/dt |1=0 = B'(0) # 0 and can be represented as an infinite lower

triangular matrix [ST with the elements Sn.k .


https://tcjpn.wordpress.com/2021/06/18/umbral-mojo/

The Appell SPs, defined by

An(z) = (a. + 2)" = znj (Z) n_, ¥,

k=0

are a normal subgroup of the SPs with B(t) =1t = BH(t) ang A(t) = €' The elements

An.k of their matrix rep [4] are given by the lower triangular Pascal matrix diagonally multiplied

by the moments %m=n—k i.e., Ank = (Z) @n—k The first column is composed of the
moments @m = Am(0) = A
The associated e.g.f. is

m,0 and the elements of the main diagonal Am,m are all ones.

eA.(m)t — e(a.—l—x)t — et pxt — A(t) Tt

Appell matrices can be expressed in terms of a matrix infinitesimal generator for the lower
triangular Pascal matrix [P] (OEIS A007318), which has the elements Tk = () with the

convention (k:) =0 fork > n. The infinitesimal generator is [1gP] = In([P]) (OEIS

A132440), with IgPn = (n+1) on—r—1 , so the matrix rep of any Appell sequence can be
expressed as

[A] = e 197 = A([IgP)).

The infinitesimal generator [19P] is easily visualized as a lower triangular matrix with only one
nonzero diagonal--the first subdiagonal diag(1,2,3,4,...) composed of the natural numbers.

Consequently, any Appell matrix commutes with the infinitesimal generator [19P] of the Pascal

_ lIgP
matrix [P] = elo?] and with any other Appell matrix as well. This is reflected in the

commutativity of umbral composition of any two families Aly(z) and A2n(2) of Appell
polynomials.

In umbral notation,

Al,(A2.(2)) = (al. + A2.(2))" = (al. + (a2. + 2)))" = (al. + a2. + )"
= (a2. +al. +x)" + (a2. + (al. + x))" = A2,,(Al.(x)).

This umbral witchcraft guides the tedious, nonintuitive, more conventional method of
demonstrating the commutativity with sigma-binomial gymnastics and dummy variable
transformations:


https://oeis.org/A007318
https://oeis.org/A132440

Sn(z) = (al.+a2. + 2)" = ((al. 4+ a2.) + )" =37 (V) (al. +a2.)" z

n n—k(n k
= Zk:ox k(k) Z] -0 () alk —j a2
al 1 a2j
=n!y O(n k:)' Zy =0 (k:kj)' il

— n ™ n— alp_m—j; a2
=n: Zmzo ) Zj:o (n—m— J)v i

so, for »>n, Snp =0 and for 0 <p<mn,

_ n—p aln,_p 5 a2; _ n—p a2p_p_; alj
S”’p_ZJ':O (n—p—35)! Jj! _ijo (n—p—3j)! j! -

Now similarly perform the umbral composition via sigma summation:

Al2, () = Z Al A2 (2)

=30 (1) aln—m Y7o () a2n—j 27

| aly,_—m a2, i
=m0 2j=0 Gatm)t Gned)t 5

— | al, _—m a2m_j ﬁ
S0 s By s

so,for 0 =p<n,

al,_m a2,

A p_anp(n m)l (m p)'

= | TL—p alj a2n*1’*j
M2 im0 G e

— n—p a2; al,_p
=nlY o S o = A21,

it (n—p—y)!

1—k



This conventional method inefficiently demonstrates the commutativity of the umbral
composition of any pair of Appell sequences:

Al, (A2.(x)) = A12,(z) = A21,(z) = A2, (Al.(x)).

In terms of the associated Appell e.g.f.s,

eAl.(AQA(m))t — e(al.—&—AQ.(ac))t — e(a1.+a2.+m)t

— e(al.—l—aQ.)t emt — eal.t ea2.t ext

:Al(t) AQ(t)ewt :Az(t) Al(t)eazt — 6A2.(A1.(x))t
— A12(t) et = A21(¢) €.

Reprising, the commutativity of any pair of Appell umbral variables under multiplication and
addition and the nature of Appell polynomials as binomial convolutions of their moments with

the power monomials, i.e, Ap(z) = (a. + x)n, imply the commutativity of the associated
Appell coefficient matrix with the matrix infinitesimal generator of the Pascal matrix, the
commutativity of the multiplication of the coefficient matrices of any pair of Appell sequences,
and the commutativity of umbral composition of any two Appell sequences. Further, the
polynomials resulting from umbral composition of two sequences of Appell polynomials are also
an Appell sequence with moment e.g.f. given by the commutative product of the moment e.g.f.s

of the initial two Appell sequences; i.e., A12(t) = A21(t) = A1(¢) A2(1).

Three of the most famous and ubiquitous Appell sequences are the prototypical Pascal
polynomials Po(z) = (1+ )" the Bernoulli polynomials Berp(z) = (ber. + )" and the

family of Hermite polynomials Herp(z) = (her. + ) with hery, being the number of perfect
matchings for the vertices of the hypertetrahedra/hypertriangles, or n-simplices.

The binomial SPs, Bn (z) , are those SPs for which A(t) = L+ j.e., the associated e.g.f.ls

eB.(a:)t — eB(t)ac )

Their matrix rep has a first column of all zeros except for the first element Bo,o = Bo(0) = 1,

i.e.,

B, = B,(0) =0,



and a main diagonal with elements

B = 20 D20 B — Dz (B(g))m-

m! m! m!

The second column has the elements

Bp1 = Dy—oBm(z) = B}, (0) = Dy—o D e ()t

= Dy D" (B2 = D™ B(t) = B™(0)

so contains the coefficients for formal Taylor series of B(t) and the unique information to
reconstruct the full binomial matrix or leading principal submatrices, analogous to the first

column of an Appell matrix containing the formal Taylor series coefficients of A(t) and,
therefore, the unique information for constructing the full Appell matrix or leading principal
submatrices.

A core maneuver in umbral calculus is the, in general noncommutative, umbral composition of

two families of SPs, S1n(z) and S2n () , which in the matrix rep is simply multiplication of the
corresponding matrices. In umbral maneuvers, this corresponds to

S1n(52.(2)) = Z STk (S2.( Z Sl S2%(x)
n k

=Y Slux Y 8227 = S12,(x)
k=0 j=0

Then the matrix [512] representing the umbral composition of the two SPs has the elements

n
Slzmm = Z Sln,k Szk,ma
k=0

so the matrix equivalent of umbral composition is the matrix multiplication

[S12] = [S1][S2).

The Sheffer umbral compositional inverse sequence Sn(%) of a Sheffer sequence is defined by
the multiplicative inverse of its matrix rep, i.e.



A

[$]-[S] =1=1[5]-[9],

or, equivalently, by the umbral composition
Sn(S.(2)) = 2" = S5, (S.(x)).

In terms of e.g.f.s, with an Appell Sheffer sequence
eA- @t = A(t) e,

then

eA.(:c)t _ A(t) Tt — ﬁ e:ct7

where A(t) = 1/A(t) = (A(t) ™" the multiplicative inverse of A(t)
and with a binomial Sheffer sequence

6B.(az)t — eB(t)a:,

then

eB-(@)t _ Bty _ €B<*1>(t)x7

where BTV (1) is the compositional inverse of B(t)

With umbral maneuvers, these claims become somewhat transparent. For an Appell sequence

An(2) and its umbral inverse sequence An() ,

eA(A(@)t _ glatA (@)t _ gat A(a)t _ At A(t)e™,

and this reduces to e*! so that An(A-(x)) = 2" \when

A(t) = 1/A(t).

For a binomial Sheffer sequence Bn(x) and its umbral inverse sequence By () :

eB-(B.(x))t _ ,B.(x)B(t) _ e:vB(B(t)),



and this reduces to ¢®t so that Brn(B.(z)) = 2" \when

B(t) = BED(#).

The multiplicative or compositional inversion of two general classes of functions A(t) and B(t)
that are analytic about the origin are intimately linked to matrix inversion, or, equivalently, umbral
compositional inversion, by the above arguments .

This is easily generalized to finding the formal inverses of general formal power series not
necessarily convergent

A(t) =14 art + ask; + ...
and
B(t) = byt + byl + ...

Lying at the core of finding the formal multiplicative inverse of a formal Taylor series are the
refined Euler characteristic partition polynomials, or refined face partition polynomial (RFPs) of
the permuto/permutahedra (cf. OEIS A133314), and for the formal compositional inverse, the
RFPs of the associahedra (cf. a normalization of A133437).

Umbral composition of an Appell Sheffer sequence with a binomial Sheffer sequence has the
three reps

1) polynomial

Sn(x) = AB,(x) = A, (B.(x))

2)e.qg.f.

S ()t — AB-(2)t — oA(Ba))t = (ot B-(@)t — ot B(2)t — A(f)erB()
3) matrix

[S] = [AB] = [A][B].

Any Sheffer polynomial sequence has the e.g.f. given above.


https://oeis.org/A133314
https://oeis.org/A133437

Successive composition of a binomial Sheffer sequence with an Appell sequence composed
with the umbral inverse of the binomial Sheffer sequence are conjugations with the reps

1) polynomial:
Sn(z) = BABn(x) = Bn(A.(B.(:c)))
2)e.qg.f.:

oS-t — oBAA(B.(2)t — oA(B.(2)B(t) — pla.+B.()B(1)
— pa-B()pB.(2)B(t) _ ga.B(t) gzB(B(t)) _ A(B(t))e“

3) matrix:

[S] = [BAB] = [B][A][B]

= [BCYAB] = [BCV][4][B] = [B] M A][B

— [BABCD] = [B[A][BV) = [B][A][B)".

Consequently, given B(t) and its compositional inverse B(t) = BUY(t)  the two Appell

sequences An(®) and An(T) with e.g.f.s

eA.(x)t — A(t)eazt — %ext

and

eA.(:r)t — A(t)e:rt — @ext

are related by the functional composition

At) = 29 — A(B())

t

and, therefore, as the umbral conjugation



or, as the matrix conjugation
[A] = [B][A][B] = [B]'[A][B] = [B][A][B] ",
so An() and An(m) are a conjugate pair of Appell polynomial sequences.

The binomial Sheffer polynomials all vanish at z = 0 except for Bo(z) = 1; i.e., B, (0) = 5n,
so

[a] = [Bl]la],
and, conversely, since [B]=' =[B]
[a] = [B][a]

As noted above, every Appell sequence An (%) with the moment e.g.f. A(t) also has an

umbral inverse sequence, An (%) with the moment e.g.f. A(£) = 1/A(t) | so, with the
assignments above,

eA.(:c)t — A(t) ett — _t__ ot

with conjugate Ay (z) defined by

eﬁ.(m)t — A(t) et — & ext

and umbral inverse sequence An(x), by

eA.(a:)t _ A(t) Tt — @ et

|

with the Appell sequence n(T) conjugate to An(Z) defined by the e.g.f.



efi.(m)t — /Il(t) eTt — % eTt — A(t) eTt — eﬁ.(m)t.
Consequently, the umbral inverse of the conjugate is the conjugate of the umbral inverse, i.e.,

An(@) = An(2),

and

and, therefore, in parallel with the conjugations above,
Ap(z) = A, (2) = Bo(A.(B.(2))),
or, in the matrix rep,

[A] = [B][4][B]

Check:
fln(jl(:c)) ="
Is corroborated by

I=[A)[A]" = [A][A]



[BI7HAJ[A] 7 [B] = 1.

The Bernoulli numbers and polynomials via conjugation

For the Appell Bernoulli polynomial Bern (%) and associated binomial Sheffer sequence, the

Stirling polynomials of the second kind St?n(x),

Ber(t) = ett—l = Sté(t) = th)

and

St2(t) = et — 1 = B(t),

the umbral inverse sequences are defined with the multiplicative inverse

o et — S B
Rep(t) = Ber(t) = gy = <52 = 254 = 20

and the compositional inverse
St2(t) = St2-1 (1) = In(1 + ¢) = St1(t) = B(t) = BED(4).

In terms of e.g.f.s, the umbral inverse pair of Appell sequences are defined by

eBer.(x)t — Ber(t) et — ett—l ext
and

3o —_ t
eBer.(x)t — Ber(t) eTt — Bei(t) et — ¢ t_l eTt

n+1 n+1 n
_ _Rep.(z)t _ (z+1)"" —z t"
=é€ - ano n—+1 n!

and the umbral inverse pair of associated binomial sequences, by

eStQ.(rL‘)t — eStQ(t)ac — 6(et—l)ac — eB(t)x



and

eSt2.(2)t — St2()z _ Jn(14t)z _ Stl(H)z — ,Stl(2)t — B.(2)t — ,B(t)z

= (148" =325 (1) " = Xzo@)n G-

The associated Appell conjugates w.r.t. B(t) = 5t2(f) are given by

eBer.(m)t — 1n(1t+t) et — Sti(t) et

and

Ber.(z)t _ ,Rep.(x)t _ t xt _ _t xt
€ =€ ~ Wma+n ¢ T sap ©
with

Ber, (z) = St2,(Ber.(St2.(x))) = Stl,(Ber.(St2.(x)))
and

Bery () = Rep,, ()

= St2,,(Rep.(St2.(x))) = Stl,, (Rep.(St2.(z)))

— Ber.(x) = Stl,(Ber(5t2.(z))) = 512, (Ber.(St1.(x))),
or

[Ber] = [S12][Ber][St2] = [St1][Ber][St2]

— [St2]71[Ber|[St2] = [St1][Ber][St1] !

and

[Ber] = [Rep)



= [St2][Rep][St2] = [St1][Rep][St2]

—

= [Ber] = [Ber]™! = ([St1][Ber][St2])~! = [St2]![Ber|~1[St1] !
Naturally, several converse relations also hold such as
[Rep] = [St2][Repl[St1] = [St1][Rep)[St1] = [St2)[Rep][St2]
= [St1] 7 [Rep][St2] ™! = [St1] 7 [Rep][St1] = [St2][Rep][St2] ™
From the general arguments above for the evaluation of the conjugations at + = 0,
ber, = (—1)" ;25 =>"1_ Stln bery,
or
[ber] = [St1][ber].
Conversely,
[ber] = [St2][ber],
or
bn = S0 St2nn (1) gy = Eioo ()P
where

Permy, , = k! 5t2,, 1,

enumerate the distinct faces of the permutahedra, cf. OEIS A019538, A049019, and A133314.

The first few rows of the relevant polynomials are


https://oeis.org/A019538
https://oeis.org/A049019
https://oeis.org/A133314

For [5t2] , (cf. A048993 and the A008277, the Stirling polynomials of the second kind, the
Bell-Touchard-Steffensen-exponential polynomials)

eStQ.(z)t — e(et—l)x and
St20($) =1
St21(z) ==

St29(x) = o + 22

St23(z) = x + 322 + 23

for [St1] = [St2]~1 = [St2],

(cf. A048994 and the variant AO08275, the Stirling polynomials of the first kind, the_falling
factorials, see also the Pocchammer symbol)

SI@t = e+ — (1 4 ¢)*
Stlg(x) =1

Stli(x) ==

Stla(z) = x(z — 1) = —x + 22

St1z(z) = z(x — 1)(z — 2) = 22 — 322 + 2

For [Ber],
the Bernoulli polynomials,

eBer.(:c)t — Ber(t) et — ett—l ext

and

bero =1, DBero(z) =1


https://oeis.org/A048993
https://oeis.org/A008277
https://oeis.org/A048994
https://oeis.org/A008275
https://en.wikipedia.org/wiki/Falling_and_rising_factorials
https://en.wikipedia.org/wiki/Falling_and_rising_factorials
https://mathworld.wolfram.com/PochhammerSymbol.html

bery

bers

bers

Bery(x) = —_1;25” = —% +x
Bery(x) = 16z462” _ 1 _ 5 4 2

6 6

2 3
Bers(z) = L3220 — (4 1 — 342 4 23

For [Rcp] = [Ber]~! = [Ber]

the reciprocal polynomials,

1
Rep.(z)t _ et—=1 _at _ (x4 )"t —gntt 4n
e (@)1 = e = ZnZO

rCpo

rcpa

rCpa

rcps

1 )

W= N[

=

t n+1 n! and

Repo(z) =1
Repy(z) =142 =1 4+ o

Repy(z) = 132432 — 14 5 4 2

2 3

For [Ber] = [Si2][Ber][St2] = [St1][Ber][St2]

the conjugate Bernoulli polynomials,

eBer.(a:)t — 1“(1{”) eTt — Sti(t) et

and

bery = 1 Berg(z) =1

ber

bers

bers

win

N[

Beri(z) = =122 = — 2 + ¢

- 2
Berg(:c) — 2—3:03—1—33; — % — +ZC2




For [Rep] = [St1][Rep][St2] = [Ber] = = [Ber] = [Ber],
the conjugate reciprocal polynomials,

t emt
In(1+t) and

ech.(a:)t —

TPy =1 Repy(z) =1

’

Tep, = 3 Repy(z) =182 =144

S— Do —1 2 1

rcp2:—%, chz(x):%:_g_‘_x_i_xQ

. - 1—2 2 3

TChy = +  Repg(w) = 122200 d4n — L dg 4 342 4 43

Spot check:

Berg(x) = Stla(Ber.(St2.(z))) = —Ber,(St2.(z)) + Bers(St2.(x))

_ _(—1+Qgt21(m)) i 1—65t21(mé+65t22(m)

_ _(—1+2x 1—624+6(x+x2)
- ( 2 ) + 6

=2 2422 = (ber. +x)2.

3
Spot check:

_ Fom 2 k_k!
bera = St29(ber.) =3 1 _o S22k (—1)" 135
—bery +berg = —L1+2=1,

Spot check:



Repy(2) = Stla(Rep.(St2.(x))) = —Rep1(St2.(x)) + Repo (St2.(x))
= —(3 + St21(x)) + 5 + St21(x) + St22(x)

= —¢+ St2;(z) = —% + o + 22

The hyperbinomial and Pascal polynomials as conjugates

4t
As a further illustration of the umbral conjugation algebra, consider B(t) = te and its inverse,

about the origin, B(t) = B(_l)(t) = LW (1) , the principle Lambert W-function (cf. Wikipedia,
MathWorld).

The coefficients of the binomial Sheffer polynomials Idpn(z) associated with

B(t) = Idp(t) = te! comprise the integral matrix for the idempotent numbers of A059297.
The associated e.g.f. is

eB(t)x — eIdt(t)rc telz __ eIdp.(x)t_

= €

The associated Appell sequence An () then has the e.g.f.

A(x)t _ _t _xt __ t xt _ —tpoxt _ (x—1)t _ _Ps.(z)t
& —B(t)e —Idp(t)e =€ € = € = €

with the associated moments @n = Psn = (—1)" and polynomials
Ap(x)=(a.+x2)" = (z+ps.)” = (x — 1)" = Ps,(x),
giving the signed Pascal matrix A007318 with

Pspr = (i) psn—r = (i) (=1)"7*


https://en.wikipedia.org/wiki/Lambert_W_function
https://mathworld.wolfram.com/LambertW-Function.html
https://oeis.org/A059297
https://oeis.org/A007318

The umbral inverse binomial Sheffer sequence to Br (%) = Idpy(2) s the Abel polynomial

sequence DBn (2) = Aby(x) = z(x —1)""! of A137452 with the e.g.f.

eé(t)x _ eB(*”(t)a: _ eldt(*l)(t)m _ LW () Ab. ()t

=€

The Appell polynomials Ay (z) = (a. +z)" conjugate to An (%) w.rt. B(t) = Idp(t) = te!
are the hyperbinomial polynomials Hby () = (hb. + x)" of signed A088956 with the e.g.f.

e A ()t — @emt _ BV o 1dp TV () at LVZ(t) ert = Hb-()t — [Tp(t)et

t t

1T _ T _
and the moments [a]” = [hb]" =[1,-1,3,-16,125,..] , Which is the sequence signed
A000272 excepting the initial one, i.e., "bn = (—1)"A00272(n 4 1)

The general matrix conjugation relation

[A] = [B][A][B]
implies
[a] = [B][a],

which, in this case, become

[Hb] = [Ab][Ps][1dp]

= [signed A088956] = [A137452][signed A007318][A059297]
and

[hb] = [Ab][ps] = [signed A000272 excepting initial 1]

= [A137452][1, 1,1, -1,1,...]T,

correctly implying the row sums of the unsigned matrix A137452 are AO00272 excepting the first
element.

The basic conjugation relation and the first few rows of the matrices for numerical checks are,


https://en.wikipedia.org/wiki/Abel_polynomials
https://oeis.org/A137452
https://oeis.org/A088956
https://oeis.org/A000272

[EHB] = [Ab)[Ps][Idp]

— [signed A088956] = [A137452][signed A00T318][A059297]

1 1 1 1

N -1 1 10 1 -1 1 0 1
3 -2 1 0 -2 1 1 -2 1 0 2 1
-16 9 -3 1 o 9 -6 1] |-1 3 -3 1110 3 6 1

The umbral inverse Appell Sheffer sequence to An(z) = Psp() js
An(x) = (=1)"Psp(—x) = Pp(x) = (1 4+ 2)" = Psn(Z) | the row polynomials of the

Pascal matrix A0O07318, with the moments an(z) =1 gnd e.g.f.

A (@)t _ A(t)emt _ ﬁewt _ @em — plett — plat1)t _ P.(2)t

The associated Pascal matrix [£’] = [A007318] is the inverse of (3] associated with
An(x) = Psn(z) je. [Pl = [Ps]™t

The conjugate of An (%) = Pu(2) wrt. B(t) = te! ig

A, (z) = Ay (x) = RHb, () = (rhb. + )" , the reciprocal hyperbinomial polynomials with

[Thb]T =[1,1,-4,-27,..] = A177885, or rhb, = (1 —n)"~* and with the e.g.f.
A(z)t _ JA(x)t _ _t _xt

e\t = oAt = B(t)ex

— B(—ﬁ)(t) et — LV[i(t) et — eRHb.(w)t

The associated coefficient matrix [120] is a differently signed version of A215534 and is given
by the matrix conjugation

= [RHb] = [Ab][P][Idp]

= [sign modi fied A215534]


https://oeis.org/A177885
https://oeis.org/A215534

— [A137452][A007318][A059297] = [A137452][A154372],

implying

= [A177885] = [A137452][1, 1,1, ...]T,

giving the row sums of A137452 correctly as A177885.

The above matrix conjugations imply

[P]7" = ([P]71)" = [Ps]" = [Idp] [Hb]" [AD]

= [A007318]~" = [A059297][signed A088956]|"[A137452]].

and

[P]™ = [Idp][RHD]" [Ab]

= [A007318]" = [A059297][sign modi fied A215534]"[A137452]].

The e.g.f. associated with [A007318]™ \with m any integer is e™te*t = e(x+m)t

Defining the natural logarithm of a lower triangular matrix with a diagonal of all ones as

(M) = In(I + (M — 1)) = 3, o (~1)" M=

then In([P]) = [IGP] = [A132440], the infinitesimal generator of the Pascal matrix and

In([P]™) = m In([P]) = m [IGP].

This allows extension of m from integers to complex numbers or even matrices that commute
with P, as noted by Peter Bala; e.g., for real , define the interpolated matrix

[P]" = exp(r In([P]))

consistent with the associated e.g.f.


https://oeis.org/A132440

(et)r Tt — ertoxt — e(r—i—x)t

and providing an interpretation of non-integer 'iterated’ umbral composition. These extensions
hold with [£’] replaced by a general Appell matrix [4] and the e.g.f. ¢’ by the Appell moment

_ pat
generating function A(t) = e” . In addition, 7 can be generalized to any Appell matrix since
Appell matrices commute as shown below.

For easy comparison with the unsigned hyperbinomial matrix of A088956 and explorations of
some relations in that entry noted by Peter Bala and in the reference by Gottfried Helms,
consider

Hb, (z) = (z + hb)" = (—1)" Hb,(—z) = (x — hb)"
with the Appell e.g.f.

Hb.(x)t _ 177 ot _ xt _ —LW(=t) =«
eHb- ()t — [p(t) e® = Hb(—t) e*t = f(e t

— Trt(t) et — e—Tr(t) et

where 17(%)) is the tree function presented in AO00169 and the moments are
(0] = [1,1,3,16,...] o hb, = A000272(n + 1) = (n+ 1)"~" This then is our new
conjugate Appell sequence with e.g.f.

eA.(x) _ f_l(t) ett — pat pxt — (a.ta)t

— eI—Tb(ac) — f[/b(t) et — eﬁlg.t et — e(iz‘ll).—l—x)t

_ *LW(‘t) xt __ B(t xt __ B(il)(t) xt
= 7 €= 7 €

with respect to

B(t) = BEY(t) = (LW (=)D = tet.


https://oeis.org/A000169

Consequently, the new sequence Bn() has the e.g.f.

eB.(l‘)t — ete_ta: — efldp.(fa:)t
with

By (z) = (—=1)" Idp,(—x) = Idp, (z).

The new sequence Bn() has the e.g.f.

eé.(w)t — e LW(—t)x _ —Ab.(—a)t
with
B, (z) = (=1)" Ab,(—z) = Ab, ().

The new sequence An(Z) has the e.g.f.

A(x) _ _t _xt _ _t _xt __ toxt _ (1+z)t
e = 5m¢ T e =eel =e

with

An(z) = (1 +2)" = Pu(x),

the row polynomials of the Pascal matrix.

The basic conjugation relation and the first few rows of the matrices for numerical checks are
[Hb] = [Ab][P][dp]

= [A088956] = [unsigned A137452][A007318][signed A059297]

1
1
3

O N =
W =
)_l

16



SO O =
O N =
D =
—
— = = =
W N =
L =
—
o O O
|
\V]
—

From the basic conjugation relation, we have the matrix identity
[Hb[Ab] = [A][P],

which, as an umbral composition, is the identity

Hb,, (Ab.(z)) = Ab,(P.(z)) = Ab,(1 + ),

(this last identity is noted by Bala).

The basic conjugation relation also implies the relation between the two infinitesimal generators
for the conjugate pair of Appell sequences

In([Hb]) = [Ab] In([P])[Idp]
= [IgH?b] = [Ab][IgP][Idp).

As noted above, the infinitesimal generator for the Pascal matrix is presented in A132440, with
nilpotent principal submatrices. The first few rows are

[IgP] = In([P]) -

OO = O
SN O
w o

The matrix for any Appell sequence may expressed as

[A] = e 9P = A([IgP]);

consequently, any Appell matrix commutes with [IgP]

Bala states that the infinitesimal generator for the unsigned hyperbinomial transform is given by


https://oeis.org/A132440

[IgHb) = [IgP)[Hyg],
but doesn't give a proof.

The identity follows from a well-known identity of the tree function Tr(t) presented in A000169
and related to the Lambert W-function by Tr(t) =—LW(—z) = B(t) = B(fl)(t) , SO Tr(t)

is the compositional inverse of B(t) =t €™" implying, on substitution of BED(t) = Tr(t) ip
this last set of equalities,

Tr(t) =t el®,

Consequently,

eTr(t) — Trt(t) — _LV[;(_l) — Bgt) — Hb(t),

SO
[Hb] = Hb([IgP]) = eTr(UIgp))
and

[TgHb) = In([Hb)) = Tr([Igp)) = [IgP] e 19°) = [IgP] [Hb] = [HD] [IgP).

This is corroborated by noting that the product

[Hb] [IgP]

corresponds to taking the derivative of the row polynomials Hby, (z)

Tr(t) =t Tr(®) = etrt — S —olrn tn_"l = pn—1t"

with tro = 0 and trn = n" "' otherwise. Then
[Tr]T =0,1,2,9,64,625,...] = [0, A000169]

This tree number sequence is related to (excepting the first element of the entry)


https://oeis.org/A000169

hyperbinomial polynomials and the elements of the first column of the associated coefficient

matrix [/10] = ehb'[lgp], via

L Hbp i1 (2) om0 = 45 (Bb. + 2)" |omo = (n+ 1) (hb. + 7)"|—g
=(n+1) kb, =n+1) (n+ 1" =(n+1)" = trog,

for = 0, and = ﬁ)o(x) lz=0 =0 =tro_
Reprising,

[1gHb) = In([HY]) = Tr([IgP]) = [IgP] T (197D
= [IgP] [Hb] = [Hb] [IgP] = [Ab][IgP)[Idp).

Calculating the first few rows of the infinitesimal generator from the last two matrix products or
by taking the derivative of the row polynomials gives

[[gHDb] —
0
1 0
2 2 0
9 6 3 0

T ang P(t) = €' gives

Then exponentiating and using Tr(t)=te
[Hb] = ellsft — p([1gHD))

— Tr(lIgP)) — 47”’[“;[913]”] — Hb([IgP))

= exp([IgP] (197D = exp([IgP) [Hb]) = exp([Hb] [IgP])
— exp(In([P]) [Hb]) = exp([Hb] In([P))) = [P]H

= [Ablel!9P)[1dp] = [Ab][P)[Tdp].



TH — Hb
As noted by Bala and Helms, via repeated application of [Hb] = [P][ ) , we obtain the power
tower

[Hb] = [P

By conjugation, we obtain the dual sets of equalities
[1gP] = n([P]) = Tr([IgHb)) = [IgHb] eTr (19Tt
= [Idp)[IgHb][AD].

and

[P] = eltoP) = P([IgP))

_ Tr([IgHb)) _ Tr([IgHb _ 777 Il
eTrllg st = Hi([IgHD))

= exp([IgHb] " (T9H)) = [1dp|el'9H¥) [ Ab] = [Idp][HP][Ab].

We have In([Hb]) = [IgP][Hb] 4o

In((Hb))[Hb] = Wn([HB)) [HH)~* = [IgP]
and exponentiation gives

[P] = exp(In([H))[Hb]) = [Hb] 7V = [HE]IF0"

—~
—~

From the general arguments above, the e.g.f. for the Appell sequence Hby, (z) with the

—~

associated matrix [an (1’)] — [A215534], which is the umbral inverse of Hb, () ,is

I%(:c)t _ 1 ozt . _t zt _ —Tr(t) ,at
e = —— %l = e =e e’t.
Hb(t) Tr(t)


https://oeis.org/A215534

Additional identities among the Sheffer polynomials

Some additional identities among sets of conjugate and umbral inverse pairs of Sheffer
polynomials such as those above were given in the notes “Reciprocal Sheffer Sextuplets and
Conjugation Isomorphism” in my post on “Reciprocity and Umbral Witchcraft: An Eve with
Stirling, Bernoulli, Archimedes, Euler, Laguerre, and Worpitzky” on my WordPress math blog
Shadows of Simplicity. These additional identities are obtained by taking derivatives of the
e.g.f.s of the binomial SPs;

% eBt)z _ @ Btz _ A(t) Btz

— et oB.(x)t _ (a+B.(x)t _ eA.(B.(x))t

and

% eBt)z oo = BTt) _ fl(t) _ et — eA.(B.(O))t'
In addition,

B(t . . A

B 5 — th) e li=p) = A(t) € |i=B)

= A(B(1) )

and

/
D, B(t)z _ By (x) ¢n
tw € - ZnZO n+1 n!’

SO

B’ 1 (x A~ N
%1” = A, (B.(z)) = AB,(z)

with the matrix rep



for which the first column has the e.g.f.

fl(B(t)) - %ﬂ — A(t) = et = o A-(B.(0))t

with components

A B, 1(0 n+1,1 ~ 1 \
[AB] o = 2@ B — 5 — 4,(0) = An(B.(0)).

This along with the conjugation formula

= n ~ n Bnii
An,O = anp = Zk:o Bk ax = Zk:o Bk ;Z+1 :

“ n = n Brti1.1
An,o =an = Zk:o Bn,k Ak = 2 k=0 Bn,k n+1 °

The differentiation of the polynomials corresponds to right multiplication by [1gP] ; the shift in

rows, to left multiplication by the shift matrix [S] with all ones on the first superdiagonal and
zeros elsewhere; and the division by 7 + 1, to multiplication on the left by a diagonal matrix

[Dg] with the diagonal (1,1/2,1/3,...) Explicitly,

~ ~

[AB] = [A][B] = [Dg][S][B][IgP].

Similarly,

% Bz _ @ Bz _ A(t) Btz

— et Bt = gatB.(@)t — A(B.(2)t
and
% eB(t)z oo = Bgt) — A(t) = et = oA (B.(0))t



In addition,

B(t 5 x €z x
BD B0z — Zo et |,y = A1) € |_p

= A(B(t)) e*B®

and

N S/
D, B(t)z _ Byii(x) ¢
t - ano n+l nl’

SO

B, (z - ~ - A
Buaal®) — 1,(B.(2)) = AB,(x)

with the matrix rep
[AB] = [A][B] = [Dg[S]|[B[IgP) = [Dg][S][B]~![IgP]

for which the first column has the e.g.f.

AB) = BO = A(t) = ett = A(B-O)

with components

A7 B; 1(0) B — A A S
[AB|p,0 = n++1 = njrf =a, = A,(0) = A,,(B.(0)).

This along with the conjugation formula

JA] = [B][A][B]

imply

Ano = an =3 4_o Buk Gk = S j_g B 2L
Conversely,

1 — n Bnii
Ano = an = o Bk ar = =257+



Note also the matrix reps
[A]~! = [A] = [Dg][S][B][IgP][B]~! = [Dg]S][B][IgP][B]
and

[A] = [Dg][S][B][1gP][B] = [Dg][S][B]~*[1gP][B].

This last identity together with

— A — A

[A] = [BI[A][B] = [BI[A][B] " = [B][Dg][S][B][IgP]
For the Bernoulli polynomials, this becomes

[Ber] = [St2][Dg][S)[S1][1gP).

Since also from above [ber] = [St2] [%] , the first column of [Dg][S][St1][1gP] is [@]
implying

7. _ Stlpii1 n_n!
bern _ n+1 _ (_1) n+1’

consistent with the formula

A7 E; 1(0) B, - A A »
[AB],,0 = 2242 = 2t — g, = A,(0) = A,(B.(0)).

For the unsigned hyperbinomial polynomials, we glean from
[4] = [Dg][S][B][1gP][B] = [Dg][S][B]~*[1¢P][B]
that

[Hb] = [Dg][S][Ab][IgP][Idp)]



and, from

A

[A] = [B][Dg[S]][B][1gP]
that

[P] = [Idp][Dg][S][Ab][1gP).

Applying to

= [HY] = [Ab][P][Idp]

= [A088956] = [unsigned A137452][A007318]|[signed A059297]

1
11

13 21

16 9 3 1

1 1 1
o1 11 0 1
=lo 2 1 1 2 1 0 -2 1
096 1|11 3 3 1|0 3 —6 1

the general formulas




= ko Abn = GEE = (n+ 1)t = Ab, (1)

= A000272(n + 1)

and

A, = Pn(O) =1= Zzzo[%]n,k }_L\gk

= o (M (k)% (k+ 1R = S0 (1) (—k)"F Aby(1).



